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1 Introduction

How serious is the free-rider problem when agents’ participation in contri-
bution to the public good is voluntary? Does the number of agents in the
economy matter? In this paper, we investigate how the equilibrium provision
of a public good is affected as the population increases by adopting Milleron’s
(1972) notion of replication of a public goods economy.

It is well known that the provision of public goods is subject to free-riding
incentives. Although Samuelson’s (1954) view of this problem is pessimistic,
Groves and Ledyard (1977) show that the efficient provision of public goods
can be achieved in a Nash equilibrium by crafting a public good mechanism
appropriately. Although the Groves-Ledyard mechanism does not satisfy in-
dividual rationality, Hurwicz (1979) and Walker (1981) show that the Lindahl
rule is implementable: the Lindahl rule is individually rational as well as ef-
ficient. Subsequently, numerous further mechanisms have been proposed to
satisfy additional desirable properties. They all assume, however, that agents
must participate in the mechanism: i.e., they assume that agents have no
freedom to leave the mechanism.

However, since the provision of pure public goods intrinsically involves
the non-excludability of the benefits, assuming that all agents participate in
the mechanism may not be appropriate if we allow agents to decide whether

to participate in the provision of public goods or not.! Several studies have

'In a private good economy, individual rationality requirements and agents’ partic-
ipation incentives are the same, while in a public good economy, agents’ participation



examined if agents are actually willing to participate in the public goods
mechanism voluntarily. Saijo and Yamato (1999) consider a voluntary par-
ticipation game in a divisible public goods case. They show a negative result
on efficiency of public goods provision, and then characterize equilibrium
participation of the mechanism that implements the Lindahl allocation rule
in a symmetric Cobb-Douglas utility case. Subsequently, Saijo and Yam-
ato (2010) extend their result to a more general domain, and show that for
all agents the participation incentives in the mechanisms that implement
the Lindahl rule become weaker as the number of agents in the economy
increases.

Healy (2010) and Furusawa and Konishi (2009) also show that the non-
participation (free-riding) problem becomes more serious as the population
increases. Unlike Saijo and Yamato (2010), they examine how the equilib-
rium level of a public good changes as the population in the economy grows,
following Milleron’s (1972) definition of a replicated economy.? They prove
that every Nash equilibrium level of a public good goes to zero as the econ-
omy is infinitely replicated under different conditions. Healy (2010) focuses
on the fized contribution rule with equilibrium participation. The fixed con-

tribution rule assigns the same fee for each agent independent of the other

incentives depends on how many others participate.

2Muench (1972), Milleron (1972), and Conley (1994) discuss the difficulty of replicating
a public goods economy and offer various possible methods. Milleron’s notion of replication
is to split endowments with replicates and adjust preferences so that agents’ concerns for
the private good are relative to the size of their endowments. This notion is employed by
Healy (2010).



agents’ participation. The equilibrium participation rule is such that under
this rule, all agents voluntarily participate in the public goods provision.? He
shows that fixed contribution and equilibrium participation imply no pub-
lic goods provision in the limit on a domain of monotone and continuous
preferences. Furusawa and Konishi (2009) use the efficient allocation rule,
which associates an efficient allocation with respect to participants’ prefer-
ences with each set of participants. They show that under efficient allocation
rules, the public goods provision level converges to zero as population grows
to infinity in the quasi-linear preference domain. Unlike Healy, their conver-
gence result follows from the fact that the fraction of agents who contribute
to public good provision converges to zero.

In this paper, we provide a sufficient condition under which the equilib-
rium level of a public good converges to zero as the economy is replicated
in Milleron (1972)’s sense. We work on quasi-linear economies with divisible
public goods. We introduce one condition on rules of public goods provision:
uniform continuity in replication (UCR). Considering replications of
an economy, UCR requires that if the sets of participants are close in the

composition of their population (in a particular sense), the public goods

3Introducing outside opportunities by a “reversion function” (each outcome is mapped
to another outcome in the case of no participation), Jackson and Palfrey (2001) analyze
the implementation problem including participation of all players when players’ partic-
ipation in a mechanism is voluntary. They extend the Maskin monotonicity condition
to accommodate the voluntary participation problem. Although their reversion function
is very general, it assigns the same outcome no matter who deviates from the original
outcome. Thus, the method may not be suitable for a public goods provision problem in
which different players’ deviations from participation may generate different outcomes.
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provision levels are uniformly close in all replicated economies. We impose
no condition on cost-sharing of public goods provision, and we allow for
budget-surplus. Although Milleron’s replication does not affect the feasibil-
ity of aggregated allocations, UCR does not require that the public goods
provision level is unaffected by replications. We show that if a public goods
provision rule satisfies UCR, then all equilibrium public goods provision lev-
els converge to zero as an economy is replicated (Theorem 1). The class of
rules that satisfy UCR contains many popular allocation rules in mechanism
design theory. The efficient allocation rules such as the Lindahl and the core
allocation rules satisfy UCR, and so does the Clarke (1971) rule. All fixed
contribution rules with or without equilibrium participation also satisfy UCR
on the quasi-linear preference domain. Hence, using our result, we can show
that, under the mechanisms that are popular in mechanism design theory,
the equilibrium level of the public good diminishes to zero as the economy is
replicated at least in the domain of quasi-linear preferences.

Our result also shows that if some positive public good is provided at a
Nash equilibrium in the limit, an allocation rule has discontinuity around
the Nash equilibrium level of the public good. The discontinuous allocation
rule has a structure similar to the model of the provision of a discrete public
good such as Palfrey and Rosenthal (1984) and Shinohara (2009).

This paper is organized as follows: in Section 2, we introduce the par-
ticipation game with a public good, and in Section 3, we introduce UCR

and present the main result. Section 4 provides examples of public goods



mechanisms that satisfies UCR. Section 5 concludes the paper.

2 The Model

There are one private good and one public good in the economy. The prefer-
ence domain we consider is quasi-linear in the private good, i.e., each agent’s
preference is represented by a utility function U : R x R, — R such that
U(z,9) = z 4+ u(g), where z and g are private and public goods consump-
tion levels, respectively, and u : R, — R, is a continuously differentiable,
strictly increasing and concave function with u(0) = 0, 0 < lim, o u/(g) < M
(bounded willingness-to-pay). We can weaken the bounded willingness-to-
pay condition, but at the cost of more involved proofs. Let U be the domain
of all preferences that satisfy the above properties (the bound M > 0 is
common to all players). Let C': R, — R, be a continuously differentiable,
strictly increasing and convex cost function of public goods provision such
that C'(0) = 0, lim, ,o C’'(g) = ¢ > 0, and for all ¢ > ¢ there is ¢ > 0 with
C’(g) > c. The last condition requires that the marginal cost of production
is bounded below by a positive value c. Let C be the collection of cost func-
tions that satisfy the above properties. Let v : 4 — Z, be a population
allocation that describes the population distribution of preference types.
For all v € N, let Supp(v) = {u € Ulv(u) > 0} and let |Supp(v)| be the
cardinality of Supp(v). Let N be the collection of all (finite) population

allocations that satisfy |Supp(v)] < oco. For all v,/ € N, v/ < v if and



only if v/(u) < v(u) for allu € Y. For allv € N, |v| = 3, o, v(u). For all
v e N, v =V | =3 lvw) — vV (u)|

An economy is a pair (v, C'), and £ denotes the collection of all economies.
Below, we define allocation rules which map an economy (v, C) and its sub-
population v/ < v (participants of the mechanism) to public goods provision
level g and the cost-sharing among participants 7. An (anonymous) trans-
fer function 7 : &/ — R assigns a payment amount to each type of agent,
and T denotes the collection of all transfer functions. An allocation rule
is a function ¢ : N x N x C — T x Ry such that (i) p7[v/;1v,C] : U — R

satisfies o7 [V; v, Cl(u) = 0 for all u ¢ Supp(v'), and (ii)

> V(u) x orl v, Cl(u) > Clpel';v,C)),

ueU

where or[V;v,C] : U — R is a transfer function that assigns a transfer
payment to each existing type of agent v € U with v/(u) > 0 in economy
(v,C), and pg[V;v, C] € Ry assigns the amount of public goods. Condition
(ii) requires that the public goods provision level is feasible.
In the economy (v, C), there exist v(u;) agents whose valuation function
is u;. Denote a generic w;-type agent as i(q) for ¢ € {1,...,v(u;)}. The set
of agents in the economy is NV = {i(q) : u; € Supp(v) and ¢q € {1, ...,v(u;)}}.
A participation gamein (v, C) € € with o, I'(v, C, ¢), is alist (N¥, ({0, 1}, hi(q))itg)en ),
where {0,1} is a common strategy set and h,q) is the player i(q)’s payoff

function. Each agent i(g) chooses 1 (participation) or 0 (non-participation),



simultancously. Let s € {0,1}""l be a profile of the decisions. Then,
the set of participants is determined. Let p® : U — Z, be such that
() = |{q]siq = 1}| for all u; € Supp(v), and p*(u;) = 0 for all
u; ¢ Supp(v). Note that p® is the population distribution of participants

at s and it is a population distribution function. The payoff of i(q) at s is

ui(walp®; v, O) — or(p®; v, Cl(ug) if sy =1
hig) (Si(a), S—-it) = :
u;(palp®; v, C)) if siq) =0

A Nash equilibrium s of a participation game I'(v, C, ¢) is such that for
all i(q) € N, hig)(8ia) S—it) 2 Ti(a)(5i(g)» 5-ita)) holds, Where 5, 7 si(q).
We denote the set of Nash equilibria by NE(I'(v, C,¢)). Without any con-
fusion, we abuse some notation: we write ¢g(m;n,C) = pglu; v, C], where

m,n € Z\fuzvp(V)\

is such that m = (1(u)))w;esuppr) a0d 1 = (V(Uj))u; e Supp(v) -
Similarly, let @;(m;n,C) = o7 v, Cl(u;) for u; € Supp(v). We define
m(s) = (1°(w))uesupp(r) for all s € {0, 1}, For all s € {0, 1}Vl and all
i such that u; € Supp(v), m_;(s) = (m;(s)),-. With these defined, we can
rewrite the definition of Nash equilibrium: a strategy profile s is a Nash

equilibrium, if and only if

(i) for all u; € Supp(v) with m;(s) > 1,

ui(pa(m(s);n, ) = pi(m(s);n, C) = ui(pa(mi(s) —1,m_,(s);n, C)), and



(ii) for all u; € Supp(v) with m;(s) <n; — 1,
ui(ea(m(s);n, C)) = ui(pa(mi(s)+1,m_(s);n, C))=pi(mi(s)+1,m_i(s);n, C).

Thus, by using (i), we have the following lemma, which will be useful in

obtaining our main result in the next section.

Lemma 1 A necessary condition for a strategy profile to be a Nash equilib-

TIUM 1S

Y mils) [palm(s);n, ©) = pa(mi(s) = 1,m_,(s);n, C)]
u; €Supp(v)
Clea(m(s);n, C))
- M

Proof. By using condition (i) of the necessary and sufficient condition for

Nash equilibrium, we have

Y mils) xuilpa(m(s);n,C) = Y mi(s)pi(m(s)in, C)

u; €ESupp(v) u; €Supp(v)
> Z m;(s)ui(pa(mi(s) — 1,m_,(s);n,C)),
u; €Supp(v)



or

Y. mils) x uilpa(m(s);n, 0))

u; €Supp(v)
- Y mis)uilealmi(s) = 1,m_(s)in, C))
u; €Supp(v)
> Y m(splmls)n,0)
u; €Supp(v)

> Clpa(m(s);n, C)).

The last inequality holds by the feasibility constraint.

Since limg_,ouj(g) < M for all i, we have

Y mils) [uilpa(m(s)in, €)) = uipa(mi(s) — 1,m_(s);n, O))]

u; €Supp(v)

< M X Z mi(s) [pa(m(s);n,C) — pa(m;(s) — 1,m_,(s);n,C)] .

u; €Supp(v)

Thus, the following condition is necessary for s to be a Nash equilibrium:

Y. mils) [pa(m(s);n, C) = pa(mi(s) = 1,m_(s);n, C)]

u; ESupp(v)
Cleg(m(s);n,C))
p— M .
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3 Uniform Continuity in Replications

This section introduces our main condition, uniform continuity in replica-
tions, and proves the main result of this paper. First, we define a replica
of our economy. For all w € U and r € Z, ., let v~ € U be such that
u(g) = tu(g) for all g € Ry. For all (v,C) € &, let (v",C) € & be r-
replication of (v, C) such that v"(u") = rv(u) for all u € U. This way of
replicating a public goods economy is first defined by Milleron (1972).4 Tt
basically divides each agent into smaller pieces as replication proceeds. One
of the merits of Milleron’s notion of replication is that the efficient level of
public goods provision is invariant with replications. Note, however, that
Supp(v) # Supp(v") for all r > 1, since preferences are altered after repli-
cation. We impose the following condition only on public goods provision

levels (not on transfer functions).

Condition 1 (UCR — uniform continuity in replications): For all
e = (r,C) € &, and all € > 0, there exists § > 0 such that for all r € Z,

| =] )
— )

vl

and all 7", 7" € N such that 7" < 7" < " and

lpalv"; V", Cl = palP" V", C| <€

holds.

1This simple definition is an adaptation from Milleron (1972), but in quasi-linear
economies.

11



Here is an interpretation of UCR. It requires continuity of public goods

provision in a population uniformly for all numbers of replications of econ-
[7—7|
]

omy. Let e € £. For all v, v € N such that v, v < v, represents the
ratio of the difference in populations between v and 7 based on the whole
economy. For all two subpopulations, if the ratio is sufficiently small, then
the levels of the public good at the subpopulations are close. Roughly speak-
ing, UCR imposes that if the population compositions are close, then the
levels of the public good are also close.

First, note that this condition does not require that the public goods
provision level stays intact for all replications. That is, we do not demand
oclV;v,Cl = @gv”; v, C| for r = 2,3, ..., where v"" is the r-replication
of /. Second, requiring “uniform” continuity is important: if ”there exists
0 > 0 such that for all r € Z,, and all ...” is replaced by "for all r € Z,

there exists > 0 such that for all ...” then the statement of UCR does not

impose any restriction. This is because for all € > 0, we can pick § > 0 small

5|

enough to let < ¢ imply 7" = 7", which automatically guarantees

o]

ealt" V", Cl = pelv";v", C]. Third, ¢g is not required to be continuous in
similarity of preferences (for example, in Hausdorff distance). Our continuity
is only in population composition, so we can allow rules that assign very
different public goods provision levels when consumers’ preferences change
slightly. Fourth, this condition is completely silent about cost sharing of

public goods. This somewhat innocuous-looking technical condition plays a

central role in the subsequent analysis.

12



We now redefine a few notions for a replicated economy. Let r € Z, |
and let (v",C) € €. Let pg(m™;n",C) = @glp";v", C] and p;(m";n",C) =
erlp v, Cl(uf), inwhich m” = (4" (uf))uresupper) and 0" = (V" (47) )y e Supp(vr)-
There are rv(u;) agents whose valuation functions are u]. Denote a generic
ul-type agent as i"(q) for ¢ € {1,...,rv(u;)}. For all s” € {0, 1}V and for
all 4" such that u] € Supp(v"), m;(s") = [{q|sirq) = 1}|. The set of Nash
equilibria in I'(v", C, ¢) is denoted by NE(I'(v",C, ¢)). The following is the

key result which will lead us to our main theorem.

Lemma 2 Let (v,C) € € denote an economy. Suppose that p satisfies UCR.
Then, for any positive amount of public good g > 0, there is a 7 € Ry, such
that, for any r > 7, no Nash equilibrium of I'(v", C, @) exists in which g or

more units of the public good are provided.

Proof. Suppose, on the contrary, that there is some positive public good
provision level g > 0 such that for all ¥ > 0, there exist r > 7 and a
Nash equilibrium s" providing g or more units of the public good. From
this, we can construct a (sub)sequence of Nash equilibria {s"} such that
wa(m(s");n",C') > g in each s" of this sequence.

First note that a replicated economy (v",C') satisfies that u}(0) = 0,
and limgou}’(9) < 2L (bounded willingness-to-pay) for all u] € U with
v'(uf) > 0. This is because all v} € U with v"(u}) > 0 correspond to

K3 3

u; € U with v(u;) > 0 with uf(g) = tu;(g) for all g € R,. Thus, each Nash

13



equilibrium s” of I'(v", C, ¢) must satisfy

Z mir (") [pa(m(s™);n", C) — pa(mi-(s") — 1, m_x(s");n", C)]

ul €Supp(v™)

where, for any u] € U, m;(s") is the number of ul-type agents that choose
participation at s" and m_;(s") = (mr(s"))ur £uy. Dividing both sides of (1)

by |v"| = r|v|, we have

> ) [pa(m(s");n", C) = pa(mir(s") = 1,m_i(s");n", C)]

Clea(m(s");n",C))
- M|v| - 2)

In the following, we will show that the left-hand side of (2) diminishes to

zero as r — oo. This, together with C(WG(”X}T:T"T’C)) > 0, implies that (2) is
violated for large r, and we can generate a contradiction.
We show that pg(m;-(s")—1,m_;(s");n", C') converges to pg(m(s");n", C)

as r — oQ.

Claim 1 Let {s"} be a Nash-equilibrium (sub)sequence with pg(m(s");n",C) >
g > 0 for all v on the sequence. Then, for any € > 0, there is r. € Ry, such
that og(m(s");n",C) — oa(my(s") — L,m_p(s");n",C) < € for any r > r.

on the sequence.

14



Proof of Claim 1. Let (V" (u}))uresupp(vr) = m(s"). Let (" (u}))uresupp(r)

be such that 7" (u;y) = my(s") — 1 for some ] with m;-(s") > 0 and Dr(u’]"-) =

myr(s") for all v} # uj. Then, 71 — L Hence, there exists r. > 0

1
] vl

such that ﬁ < ¢ for all » > 7., which implies that, for any € > 0, there
is re > 0 such that |pg(m(s");n",C) — @a(mir(s") — 1,m_i(s");n",C)| < €
for any r > r. by condition 1 (UCR). Since m(s") is a Nash equilibrium

participation, the content of |-| is positive. (End of Proof of Claim 1)
Since r|v| > my-(s") for any u] with m;-(s") > 0, we have

> e () [ea(m(s");n", C) — wa(mir(s") = 1,m_i(s");n", C)]

< ) lpe(m(snin”,C) = pa(mi(s") = Lim_y(s7);n", O)]. (3)

ul €Supp(v™)

From Claim 1 and |Supp(v")| = |Supp(v)| < oo, the right-hand side of (3)

diminishes to zero for all u] as r goes to infinity. However, we have

Clpa(m(s),C)) _ Clg)
M) = 2~

which indicates that s” cannot be a Nash equilibrium of T'(v", C, ¢) for suffi-
ciently large r unless g = 0 by (2), since |v| is the population of the original

economy and is fixed. This is a contradiction. m

Theorem 1 For all economy (v,C) € £ with allocation rule ¢, all Nash

15



equilibrium public goods provision levels converge to zero as economy (v, C')
is replicated (i.e., lim, o pa(m(s");n",C) = 0 for all Nash equilibrium se-
quence {s"}2, such that s~ € NE(I'(v",C,¢)) for all v = 1,2,...), if pa
satisfies UCR.

Proof. Suppose not: for some (v, C), there exist g > 0 and a (sub)sequence
of Nash equilibria, {s"}°, such that, forallr =1,2,...,s" € NE(I'(v",C, p))
and pg(m(s™);n",C) > g. However, it is clear from Lemma 2 that Nash-
equilibrium sequences can not be constructed in such a way that s” supports

the provision of not less than g units of the public good for any r = 1,2, .. ..

This is a contradiction. =

Note that if condition UCR is guaranteed around the equilibrium pro-
vision of a public good, the convergence result can be established. For ex-
ample, consider a rule which is continuous around the equilibrium levels but
discontinuous in very high provision levels where the individual rationality
condition is not satisfied for anybody; clearly, such a provision level cannot
be achieved as a Nash equilibrium. Although this rule has discontinuity, all
sequences converge to zero under this rule. Therefore, UCR is not a necessary
condition for the convergence.

Conversely, the discontinuity around a Nash equilibrium may allow that
a positive level of a public good is provided at an equilibrium even if the
economy is replicated. In the conclusion, we will provide a simple example

of this.
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4 Examples of UCR Allocation Rules

We present allocation rules that satisfy UCR. A voluntary participation game
with a perfectly divisible public good has been studied by several authors
such as Saijo and Yamato (1999, 2010), Shinohara (2007), Furusawa and
Konishi (2009), and Healy (2010). As we will see below, many allocation
rules, which have been studied in these papers, satisfy UCR. Hence, every
Nash equilibrium level of public goods converges to zero as the number of

replications gets large. We start with efficient provision rule of a public good.

Efficient provision rules of a public good with budget feasibility.
An efficient provision rule of a public good with budget feasibility, which is

denoted by ¢ = (p&, ©%), is defined as follows: for all (v,C) and all 7 < v,

Ers. _ 1 _
ng[V,V,C]—argmgg( Z v(u)u(g) — C(g), and

u€Supp (V)
> ww) e[, Cl(u) > C(eé[w; v, C)).
ueSupp (D)

Rule ¢f assigns a public good of a level that maximizes the surplus of
participants and the sum of the payments from the participants covers its
production cost. Ifp” satisfies the budget feasibility condition with equality,
then it is called an efficient allocation rule. The Lindahl (ratio) and the core
allocation rules are such examples.

A strategy-proof mechanism is also in this class. The Clarke mechanism,

introduced by Clarke (1971), is such an example. The outcome obtained at

17



dominant strategy equilibrium of the Clarke mechanism is representable by
pClarke = (pGlarke  pClarke) i the following way: for all (v,C) and for all

v <, pdlarke(p v, C) = pE[v; v, C] and for all u; € Supp(v),

Cleg v, C)

(Pg'_larke [D, v, C] (uz) _ ‘D‘
I (Z 5 (wulg) — 7 : ;|>O<g>>
- ueU
- (Zu 7 (8l ) - e CD) ,

where v_; is such that v_;(u;) = v(u;) — 1 and v_;(u) = v(u) for all u # u,.
The Clarke rule satisfies budget feasibility. The class of Groves mechanisms
contains the Clarke mechanism. Not all Groves mechanisms are budget fea-
sible. If a Groves mechanism satisfies budget feasibility, then it is an efficient
provision rule with budget feasibility.

In the following, we prove that pZ satisfies UCR.

Proposition 1 Rule ¢f satisfies UCR.

Proof. Fixe > 0,7 € Z,,and " = (v",C). For § > 0, let k(r;0,v) = dr|v|
and let k(r;0,v) be the largest integer k such that k < k(r;d,v). Note that
by assumption, there is 0 < M < oo such that M > u/(g) for all u € U. By
the Samuelson rule, ¢§ satisfies Y, v(w)u/'(@&[r; v, C]) = C'(palv; v, C))
for all e = (v,C) € £ and all ¥ < v. Let pg[v, k;v,C] be the lowerbound

for the public good provisions level when k consumers leave from economy

18



(0, k): ie., pg[v, k;v,C] is such that

Z D(u' (pgl0, kv, Cl) — kM = C' (g, k; v, C)

ueU

if there is a solution to the above equation, and pg [0, k; v, C] = 0, otherwise.
Recall that u and C' are continuously differentiable, v is non-increasing, and
(' is increasing in g. Thus, if there is a solution in the above equation, it
must be unique.

Let AG(k;v,C) = maxy<, |g0§[19; v,Cl — pglv, k; v, C’H: i.e., the maxi-
mum possible reduction of the public goods provision level in all possible
public goods provision groups ¥ of (v, C') by k people leaving from the group
v. To go step further, let us extend this notion to a possibly continuous v
case. We now allow for any (nonnegative) real-valued function v : U — R,
such that o(u) < v(u) for all u € U. Since p§[r;v,C] and pg|v, k; v, C] are
continuous in o and v satisfies 0 < 0 < v, pg[v, k;v, C] and AG(k; v, C) are
still well defined.

Now, we apply the above concept to replica economies of (v, C'). For all

", 0" € N such that 7" < 7" <" with |7 — 77| < k(r;d,v), we have

‘(pg[ﬂr; v O] — gog[ﬂ’“; v, C]| < AG(k(r;6,v); v, C)

< AG(k(r;0,v);v", C)

= AG(or |v|;vr,C)

=AG(|v|;v,C).
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The equalities hold by the definitions of k(r;d, ) and the Milleron repli-

cation, respectively. Let d(e) be defined by € = AG(d(¢) |v|; v, C). Clearly,

AG(d |v];v,C) is continuous and monotonically increasing in J, and takes
zero value at § = 0. Thus, §(¢) > 0 holds for all € > 0. Take 6(¢) such that
0 < 6(e) < d(€). Then, pE satisfies UCR. m

The following corollary is immediate from Theorem 1.

Corollary 1 In the participation game under ©¥, every sequence of public

goods levels at Nash equilibria converges to zero as an economy is replicated.

Fixed contribution rules with budget balance. A fixed contribution
rule with budget balance ¥ = (pk, p%) is such that (i) ¢X[E;v, Cl(u) =
ol v, C)(u) for all (v,C), all &, @ < v, and all u € Supp(f) N Supp(ir) C
Supp(v) and (i) @hliv,C] = C7 (S esuppipy #0515, C)(w)) for all

(v,C) and all p < v, where C~1(-) is the inverse function of C(-).

Condition (i) of the fixed contribution rule with budget balance means that
the fee of every agent is fixed and (ii) means that a public good is provided
in a budget-balancing way. Under this rule, each agent always pays the same
amount of a private good for a contribution. The public good is provided
by using the total amount of contributions from the agents who contributed.
The agents who do not pay the fee can free-ride the public good. Healy (2010)
studies a voluntary participation game under this rule and analyzes when all

agents voluntarily participate the mechanism (equilibrium participation).

20



We show that if a fixed contribution rule with budget balance does not
satisfy UCR, then the public goods provision level monotonically increases
as r goes up. Thus, under the rules, all sequences of equilibrium levels of the

public good converge to zero as the economy is replicated.

Proposition 2 Suppose that for all v € N, and all u; € Supp(v), there
exists G(v) such that @E[v";v",C] < G(v) for all r. Then, ok satisfies
UCR.

Proof. Suppose that ¢f satisfies UCR. Then, for all € > 0, there exists
d > 0 such that for all r € Z, | and all 7", 7" € N such that v" < 7" < "

and =71 < ¢
[v7] ’

lpa[" V", C] — gl v, C)| < e

holds. Since ¢f is a fixed contribution rule with budget balance,

Y Vet Clup) = C (9657, C) < C(GW).

ul €Supp(v™)

Thus, for all u] € Supp(v"), we have

e v, Ol (uf) <

where v = miny,egupp) ¥(w;). For all o7, 0" € N such that 7" < 7" < v" and
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7" —o"]

v

<9, we have

d o T Ty, Ol = > W)y, Cln)
u” €Supp(v™) u”€Supp(vT)
1 _
< |7 -7 x —C(G
7 - 7| x 2-C(GW)
v =v v

= —— x — xC(G(v))

v v

< §x L x C(G(v)).

|4

Since C'(g) is increasing, and lim,_,o C'(g) = ¢, we have

ng[;ra UT’C] - @g[ﬂa VT7C]

= ot Y v | —et [ s o)

u”ESupp(v™) u" €Supp(v7)
1 ~r/ T ~r._r r —r(r —r..r r
< - Y TRy Ol = Y P, O ()
~— \u"€Supp(v) u” €Supp(vT)

INA
[@%)
X
X
Q
()]
S

Note that the condition in the proposition is reasonable, if we require that
! achieves an individually rational allocation for all economies (the public
good can be provided at more than efficient levels, but at least all agents get

nonnegative utility levels).
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Corollary 2 Suppose that for allv € N, and all u; € Supp(v), there exists
G(v) such that pE[v";v7, C) < G(v) for all r. In a voluntary participation
game under ©F, every sequence of the public goods level at Nash equilibria

diminishes to zero as the economy is replicated.

Healy (2010) treats a domain of continuous and monotone preferences;
thus, his domain is more general than our domain. He focuses on a class of
allocation rules that satisfy equilibrium participation (EP), which guarantees
that all agents in the economy voluntarily choose to contribute the fee. When
agents’ preferences are quasi-linear, an allocation rule ¢ = (g, pr) satisfies
EP if w;(pgv;v, C]) — orlv;v, Cl(w) > wi(eglv—i; v, C]) for all (v,C) and
all u; € Supp(v). He shows that if the fixed contribution rule with budget
balance satisfies EP, then every sequence of Nash equilibrium levels of a
public good goes to zero as the economy is replicated following the definition
by Milleron (1972). However, EP is rather strong: for example, the fixed
contribution rule with efficiency does not satisfy EP.> With efficiency, the fee
of an agent is relatively high, and given that many agents participate, the
other agents do not gain by joining in the provision. Although Corollary 2
is a result on the quasi-linear preference domain, EP is not assumed. The
convergence result is proven under all fixed contribution rules with budget

balance.

A voluntary contribution rule. A voluntary contribution rule assigns

5In the fixed contribution rule with efficiency, the fixed fee is determined such that if
all agents in the economy participate in the public good provision, the efficient level of the
public good is provided.
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a Nash equilibrium outcome of a voluntary contribution game, which is in-

troduced by Bergstrom et al. (1986), for all (sub)economies. Before defin-

ing this allocation rule formally, we introduce some notation. Let g(u) =

argmaxy>ou(g) — C(g) for all w € U. Let g(v) = max,csupp) 9(u) and

u(v) € arg maxyesupp(v) 9(u) for all v € N. For all (v,C) and all v < v, the
Ve L VC

voluntary contribution rule "¢ = (pf%, p¥“) assigns the following alloca-

tion:

el [, C) = g(v),

¢¥C[§; v,Cl(a(v)) = % and gpy—c[ﬁ; v,Cl(u) =0 for all u # u(v).

~—

Under ¢V, the level of the public good is determined by g(v), which is
the greatest amount of the public good which agents in (v,C') can provide
individually (recall we assume quasi-linear utility). The cost of the public
good is shared by participants with @(7) evenly. We show that o5 satisfies
UCR.

Proposition 3 Rule 3% satisfies UCR.

Proof. We show that for all (v,C') € N and all € > 0, there exists r. €
Z., such that |pC[vm;vm, Cl — @&l v, C]| < € for all r > r. and all

v", " such that v" < 7" < v" and v < 1 If so, we complete

Wl = eyl

1

relv]”

the proof by letting § = Suppose not. Then, there is a sequence

PO < Land [plC0); 010, €

O] = ]

{(51&(7“)7 Dt(T))}Sil such that t(T) >,
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&l i) C| > e are satisfied for all r € Z, . However, g(u") converges

to zero as r goes to infinity for all v with v(u) > 0, which implies that
L C ) 1) O] — L€M) 1) O] > € is impossible for sufficiently large

r. This is a contradiction. m
The following corollary is an immediate implication of Theorem 1.

Corollary 3 In a participation game with pV'C, every sequence of public good

levels at Nash equilibria diminishes to zero as the economy is replicated.

5 Concluding Remarks

This paper has addressed how serious the free-riding problem in a voluntary
participation game is. We examine under which allocation rules the Nash
equilibrium level of a public good converges to zero as agents in the economy
are replicated to large numbers. We introduce a continuity concept for a
public goods provision rule, called UCR. We do not impose any condition
on the cost sharing schemes, except for budget feasibility. If a public goods
provision rule satisfies UCR, then every sequence of the equilibrium levels of
a public good converges to zero through Milleron’s (1972) replication. Several
allocation rules, which have been studied in mechanism design theory, satisfy
UCR. The efficient public goods provision rules such as the Lindahl and core
allocation rules and the Clarke mechanism satisfty UCR. The construction of

mechanisms whose equilibrium achieves allocative efficiency is one of the aims
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of implementation theory. Our result implies that if the economy consists of
many agents and each agent can choose whether or not to participate in an
efficient public goods mechanism, then the equilibrium level of a public good
is inefficient and very small: it is hopeless to achieve allocative efficiency.
The fixed contribution mechanism with budget balance and the voluntary
contribution mechanism also satisfy UCR. Although our domain is restricted,
in the domain of quasi-linear economies, our approach can treat some existing
results as corollaries of our main theorem.

Finally, we note that there is an allocation rule outside the class of rules
with UCR such that some sequence of equilibrium levels of a public good

does not converge to zero.

Unanimous rule. Let oV = (pY%,0Y) be a unanimous rule: for all e =

(r,C)e & and all v < v,

E .
N volv;v,Cl iftv=v
pelviv,Cl = ,
0 otherwise

and

wi(e&[V'sv, C)) — 5[V v, Cl(u;) > 0 for all u; € Supp(v').

Under this rule, a positive amount of a public good is produced if and
only if all agents participate in the public good provision. The last condition

is the individual rationality condition. Obviously, all agents participate at
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a Nash equilibrium even if the economy is replicated. Thus, there is a se-
quence of the levels of a public good at equilibrium which does not diminish
to zero: even the efficient public good provision is achieved in an equilibrium
sequence. Moreover, this rule assigns the same public good provision level
for all replications (replication invariance). However, since ¢V has a disconti-
nuity, it does not satisfy UCR. This unanimity rule shows that even if a rule
satisfies many properties, if UCR is violated then the public goods provision

level may not converge to zero.
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