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On the Number of Runs Test for Small Sample Size
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Summary: This study aimed to investigate the number of runs test (i.e., the
Wald-Wolfowitz runs test) for small sample sizes. The number of runs test is used to test
the randomness of arrangements of two kinds of elements (e.g., a or b) based on the
assumption of a normal distribution; as such, a large sample size is needed. The exact
probability of the number of runs from small sample sizes (up to 20 of one element) was
reported by Swed and Eisenhart (1943). We set the range of m (the number of a) from 2 to
10 and n (the number of b) to 50, and then calculated the number of arrangements of a and
b to obtain the exact probability distribution. As a result, the number of arrangements
could easily be calculated by dividing the location of I (the place where one or more
number of b could enter) into two cases: in the a-line (e.g., aala) and outside the a-line
(e.g., laaal). Based on the calculation, critical values for the number of runs test (exact
test) were obtained. The distribution of the number of runs showed a relatively smooth bell
shape within the range of 0.5m < n < 2m, but became lopsided and bumpy beyond this
range, which implied a deviation from the normal distribution. The exact test was applied
to two cases of practical data with a small sample size: the presence or absence of a plant
community in experimental revegetation plots, and the arrangement of flowers on the
nodes of branches. In each case, the exact test was confirmed to be effective for the
randomness of the arrangement although the power to detect significance was not so high.
By contrast, the Wald—Wolfowitz runs test tended to underestimate the p-value (i.e.,
overestimate the significance) compared with the exact test when applied to the same data.
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Number of arrangements of a and b when m =5 (m, n, and | denote the number of a, the number of b, and the

place where one or more number of b can enter, respectively)
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Figure 1  Probability distribution of the number of runs at various n
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Figure 2 Arrangement of the presence or absence of a
Carex multifolia community in experimental
revegetation plots, and the application of the
number of runs test. Each plot size is1.0 m x 1.5
m, and M in 2005 indicates the plots where C.
multifolia was planted.
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Figure 3 Arrangement of the presence or absence of
flowers on the nodes of the Actinidia polygama
branch and the application of the number of runs

test.
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ff#E-1c. MO L 2BREOEET LA (FREE, m=8~10)

Appendix lc. Critical values for the number of runs test (exact test, m = 8-10)

m 1 F 18] Lower tail _E{8] Upper tail m n F 18] Lower tail 18] Upper tail m n F i8] Lower tail 18] Upper tail

p 005 00 n2s 05 0502 .01 .0os p 005 00 n2s 05 0502 .01 .0os p 005 0102 05 0502 .0 003

3 1 - - - - - - - - 9 1 - - - - - - - - 10 1 - - - - - - - -
2 - - - 2 - - - - 2 - - - 2 - - - - 2 - - - 2 - - - -
3 - - 2z 2 - - - - 3 - 2 2z 2 - - - - 3 - 2 2z 3 - - - -
4 2 2 3 3 - - - - 4 2 2 3 3 - - - - 4 2 2 3 3 - - - -
5 a 2 3 3 1 11 - - 5 2 3 3 4 1 - - - 5 3 3 3 4 1 - - -
1] 3 3 3 4 12 12 13 13 1] 3 3 4 4 12 13 13 - 1] 3 3 4 5 12 13 - -
7 3 3 4 4 13 13 14 14 7 3 4 4 5 13 14 14 15 7 3 4 5 5 13 14 15 15
8 3 4 4 5 13 14 14 15 8 3 4 5 5 14 14 15 15 8 4 4 5 ] 14 15 15 16
9 3 4 5 5 14 14 15 15 9 4 4 5 1] 14 15 16 16 9 4 5 5 1] 15 16 16 17
10 4 4 5 1 14 15 15 16 10 4 5 5 1 15 16 16 17 10 5 5 i 1 16 16 17 17
11 4 5 5 1] 15 15 la 16 11 5 5 1] 1] 15 16 17 17 11 5 5 1] 7 16 17 18 18
12 4 5 f ] 15 16 Nl 17 12 5 5 f 7 16 16 17 18 12 5 ] 7 7 17 17 18 19
13 5 5 ] 6 15 16 17 17 13 5 i ] 7 16 17 15 18 13 5 ] 7 8 17 18 19 19
14 5 5 ] 7 16 16 17 17 14 5 ] 7 7 17 17 13 13 14 [ ] 7 3 17 13 19 19
15 5 5 1] 7 16 16 17 - 15 4 [i] 7 3 17 18 18 18 15 1] 7 7 3 18 18 19 20
16 5 [i] 1] 7 16 17 17 - 16 4 [i] 7 3 17 18 18 19 14 1] 7 3 3 18 19 20 20
17 5 f 7 7 16 17 - - 17 ] 7 7 8 17 18 19 19 17 7 7 8 9 19 19 20 20
13 i ] 7 3 16 17 - - 13 1 7 3 3 18 18 19 - 1a T 7 3 9 19 19 20 2
19 i ] 7 3 16 17 - - 19 1 7 3 3 18 13 19 - 19 7 8 3 9 19 an 20 2
20 ] 1 7 3 17 17 - - 20 7 7 3 9 18 18 19 - 20 7 8 9 9 18 an 20 2
21 & 7 7 3 17 - - - 21 7 7 3 9 18 13 - - 21 7 & 9 1 19 20 21 |
22 fi 7 8 8 17 - - - 22 7 7 8 9 18 19 - - 22 8 & 9 1 20 20 21 -
23 i 7 3 3 17 - - - 23 7 3 3 9 18 19 - - 23 3 8 9 1n 20 an a1 -
24 i 7 3 3 17 - - - 24 7 3 9 9 18 19 - - 24 3 8 9 1n 20 an 21 -
5 7 7 3 9 - - - - 5 7 3 9 mn 19 19 - - 25 3 9 10 1n 20 20 - -
26 7 7 8 9 - - - - 26 7 ] 9 1n 19 - - - 26 8 9 10 1 20 21 - -
27 7 7 8 9 - - - - 27 i 8 9 1 19 - - - 27 8 ] 10 11 20 21 - -
28 7 3 3 9 - - - - 28 3 3 9 mn 19 - - - e 3 9 10 11 20 al - -
29 7 3 3 9 - - - - 29 3 3 9 mn 18 - - - 29 9 9 10 11 20 2l - -
a0 7 3 3 9 - - - - a0 i 3 9 10 18 - - - 30 9 9 10 11 20 a1 - -
31 7 8 9 9 - - - - 31 i 9 10 1 - - - - 3l 9 10 10 11 21 - - -
32 7 3 9 9 - - - - 32 3 9 10 mn - - - - 32 9 10 10 11 21 - - -
33 7 3 9 mn - - - - 33 3 9 10 mn - - - - 33 9 10 11 12 21 - - -
34 8 3 9 mn - - - - 34 3 9 10 1 - - - - 34 9 10 11 12 1 - - -
35 8 H 9 1 - - - - 35 i 9 10 11 - - - - 35 9 10 11 12 21 - - -
36 8 8 9 1 - - - - 36 9 9 10 11 - - - - 36 1 10 11 12 21 - - -
37 8 3 9 mn - - - - 37 9 9 10 1 - - - - 37 mn 10 11 12 21 - - -
38 8 3 9 mn - - - - 38 9 9 10 1 - - - - 38 mn 10 11 12 - - - -
39 8 H 9 1 - - - - 39 3 10 10 11 - - - - 39 1 10 11 12 - - - -
40 8 8 9 10 - - - - 40 9 10 10 11 - - - - 40 10 10 11 12 - - - -
41 8 3 1n mn - - - - 41 9 10 10 11 - - - - 41 mn 10 12 12 - - - -
42 8 9 1n mn - - - - 42 9 10 10 1 - - - - 42 mn 1 12 12 - - - -
43 8 9 1n mn - - - - 43 9 10 11 1 - - - - 43 mn 1 12 12 - - - -
44 8 9 1 1 - - - - 44 3 10 11 12 - - - - 44 1 11 12 12 - - - -
45 8 9 1 1 - - - - 45 9 10 11 12 - - - - 45 1 11 12 13 - - - -
46 8 9 1n mn - - - - 46 9 10 11 12 - - - - 46 mn 1 12 13 - - - -
47 8 9 1n mn - - - - 47 10 10 11 12 - - - - 47 mn 1 12 13 - - - -
48 8 9 1 1 - - - - 48 10 10 11 12 - - - - 48 1 11 12 13 - - - -
43 8 9 1 1n - - - - 43 10 10 11 12 - - - - 43 11 11 12 13 - - - -
50 8 9 1n n - - - - 50 10 10 11 12 - - - - 50 11 11 12 13 - - - -
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