James B /2 & /L L DAk & DRRIZDOWT

LY N: CRriR)
INEEAN (AEBOKTB)TH#R)
72 Fe o B CHriRK)

X % Banach ZZffl& U, By & Sx 221 TN X OHEAERE K OHEANKRAE T5. TD&
&, X »* uniformly non-square TH 3 &%, H5EH 6 BFEHEL T, |27 e+ y)|| > 196
Zfi 7SRO v,y € Bx IR LT 27 (a+y)| S 1= P T I 205, Thid,
min{||z + y|, ||z —yl|} <2(1 —-0) LBEVHZ 51D, 2006 4, Garcia-Falset 5§ [2] &
uniformly non-square 7% Banach ZZEDSIEHE R EAAIZEI S 5 A8 sl (fixed point property,
fp.p.) ZFDOIZ L ZFEHL, BAEROIUA X (squareness) B3, /NF v NZERIZ BT 2 R85
HER ROV BPRD 2RO L 2R L.

James E UL, Banach ZZE O HALBROMA X 2K $HEEEL LT, Gao-Lau [1] iIZX D 1990
FEIZEA X N7z, Banach 22 X 12 U T, 2D James E# J(X) ZIRD LD IZED S,

J(X) = sup{min{[|z +y||, [z —yll} : 7,y € Sx}.

James EEI, BbH HERBMZHEBRD —D L LT, TNE THX 285 5K R X
NTE72. James EMOFFOHARNLMEE L LTI, RO XS5 RHDBEFSNS.

(i) £ D Banach 22/ X 126 LT, v2 < J(X) < 2 ([1]).

(ii) X %% uniformly non-square TH2Z & &, J(X) <2 LIZFEMETH 5.

(iii) 1 < p < oo 2D dim L, () > 2 % 5%, J(L,(p)) = max{2'/P, 21=1/7} ([1]).
)2J(X)—2< J(X*) < J(X)/24+1. 22T, X* & X @ dual space %7 ([3]).
) J(X*) # J(X) &725 K570 2ot/ IV AZEH X DFAET S ([3]).

(iv
(v

James EBDME % FHHE T 5 Z & 1%, Banach ZEH D&M EIZBI S 5 stability theory
DODMFREFIZBEWTHEETH 55, D Banach ZE/IZE W TIEMEZ James EE D E
BRSO TCHRETH L. L L, 2000 FRUUBFEOHIZTIX, =70 [5] 12
& U symmetric absolute norm ZEfIZH1F 5 James EWMDEIH ARV G 2 65 N2 iF e,
Nilsrakoo-Saejung [6] A% (—#fb.S #172) Day-James ZE[H D James & D FHM % 17 5 5%, 2
ROCZEMIZ BT 5 James B OMEIT R E LR RE R 7. KL, RETIE, 7 1I28WT
symmetric absolute norm Z#f2 2 {Ryg ./ )V AZEM X AYEIZ J(X*) = J(X) 2l Z &
PWRINDE, &0 FHLEELHSNIRDDDOH 5.

ST, James EHDED EANLHEHEDO—DE LT,

(¥) fE7 D Hilbert 22 H i2xt LT, J(H) = /2

FE<HeNTWS, Stz niE, Hilbert 22/ D James EFIHEME V2 THS. Lo L,
von Neumann-Jordan EE & (XFE2 0 2D (x) DT —MITIZEL LR, KFle LT, IE
SN & BALBRIZRE D X D/ VAT o NG, £72, £ 0 —MRITIRAEALT 5 ([1)).
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(k%) /4 MEEARZ A )V B RO 2 R X 1%, J(X) = V2 &9

i, J(X)=V2 ERhBEDD, ENEKRTO FHEMEESZTVWS. LA LED—HT,
J(X) = V2 £33 bDRBBEERMIZDOVTIEHS AT > THARL.

AFHHTIX, DD EORMETTHEOND J(X) =V2ORBE (+4) &2 LT, RO
DOFERZRET S,

Theorem 1 ([4]). X % Banach &M & 92. 2D & &, dimX > 372561, IRIXFE.

(i) X 1% Hilbert Z2f.
(ii) J(X) = /2.

Tbb, dimX > 376, (x) DB T 5.

Theorem 2 ([4]). X % 2Ru/ VLZEMET L. ZDL &, X D/ )V LA ||| »Y symmetric
h2D absolute 72 5 1, YRIXIAH.

(i) | - || & 7 /4 EEEARZ.
(ii) J(X) = V2.

b B, IV LD symmetric 2D absolute 7 51X, (xx) DA LT 5.

X 51T, [EEAZE ) IV L DREER, W DD DHNIZDOWTHEE /KT S.
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Weakly convergent sequence coefficient and its
generalization of direct sums of Banach spaces

Takayuki TAMURA (Chiba University)

Normal structure and uniform normal structure which assure fixed point property for
non-expansive mappings are important part of the Banach space geometry. Bynum/[2] in-
troduced normal structure coefficient N (X), bounded sequence coefficient BS(X) and weak
convergent sequence coefficient WC'S(X) of a Banach space X without the Schur property
to study uniform normal structure:

Definition 1 ([2]). Let X a Banach space without the Schur property.

sup{flz —yll : z,y € C} }

N(X) = inf {inf{sup{Hx “ylliyeClzcCy

where the infimum is taken over all nonempty bounded closed convex C' with
sup{||z —y|| : z,y € C} > 0.

. - : >
BS(X):inf{ limy o0 5Up{ |2 — @l = 1m0 > k) }

inf{limsup,,_, ||z, — vl : v € co{zn})}

where the infimum is taken over all bounded sequence {z,,}.

i — : >
WCS(X):inf{ limy o0 SUPA|IZn = Tl : 1 2 } (1)

inf{limsup,, . ||z, —y[| : y € co({zn})}

where the infimum is taken over all weakly convergent sequence {x,,} not converging strongly.
Then WCS(X) was characterized in the following proposition. (cf. [1],[9])

Proposition 2 (cf. [1],]9]). Let X be a Banach space without the Schur property. Then

1
WCS(X)=inf{ ——— 2, =0, lm [z, —x,] <15.
lim sup ||, || n,m—rc0,

n—00 n#m

In [4] M(X) was introduced as a generalization of WCS(X) for a Banach space X:
Definition 3 ([4]). Let X a Banach space.

1
M(X):sup{ all :aZO},

R(a, X)
where R(a, X) = sup{limsup,,_, ||zn + | : ,, = 0, limn,m;oo, e — zm|| < 1, |Jz|] < a}.
We can easily see the following proposition.

Proposition 4. Let X be a Banach space without the Schur property. If WCS(X) > 1,
then M(X) > 1.



Also in [4] the following proposition was shown.

Proposition 5 ([4]). Let X be a Banach space and let M(X) > 1. Then X has the weak
fized point property for non-expansive mappings.

In [5] it was proved that any uniform non-square Banach space X has fixed point property
for non-expansive mappings through showing M(X) > 1.

According to [8] we shall introduce 1-direct sums of Banach spaces.

A norm | - || on CV is called absolute if ||(z1, -, 2n)|| = |[(|z1], -+, ]2zn])|| for all
(21, ,2x) € CN and normalized if ||(1,0,---,0)|| = --- = ||(0,---,0,1)|] = 1. The
collection of all norms on CV is denoted by ANy. Let Uy be the family of all continuous
convex functions ¢ on Ay satisfying (Ao), (A1), -, (AN):

N-1
SN—-1
(Ar) P(s1, -+ ,SN-1) > S; yooe, ——— | if s; > 0,
<11><zlsi Zzlsz) Z
(As) blsro e sva) 2 (1= s0)9(0, 7 2N g <,
— 51 ].—81
S SN— )
(An) Y(s1, ,Sn-1) = (1 — sy 1)¢(1 L R N2 ,0)if sy_q < 1.
— SN-1 1—sya1
where
N-1
AN:{S:(Sl,"',SNfl)ERNilizsjgl, SjZO}. (2)
j=1

In [8] they proved that there is 1-1 correspondence from ANy to Wy.
Let 1 € ¥y. We define a norm || - ||, on CV by

|z2] |z ]
(lza] 4+ -+ + |zn ) (m7 ,M)
(21,5 2n)lly = if (21, 2w) 2 (0,-,0), 0 (3)
0 if (z1,-+,2n) = (0,--+,0).

Then t-direct sum (X; @ --- @ Xy)y is said to be the direct sum (X; & --- @& Xy) with the
following norm:

[z, - wn)lly = ([l - llen Dl for z; € X; (4)

In [7] to characterize the weak nearly uniform smoothness of 1-direct sums we introduced a
subclass \Ilg\l,) of Wy:

Definition 6 ([7]). Let ¢ € V. We say ¢ € \Ilg\l,) if there exists an element (¢1,...,tx_1) €
Ay such that for some nonempty subset S of {1,..., N — 1} with (xs(1)t1,...,xs(N —
1)tn-1) # (0,...,0) one has

tl,.. tN 1)
e xs(1) Xs(N = Dty
(g )w (va_11><s() e S xs (it )

— Xse (1)t Xse(N — D)tn_1
' (l 2 sl ) (1—zfﬁm<> ""’1—va11><5(>)' ®)




Then the following proposition holds.

Theorem 7 ([7]). Let v € Uy. Then the following are equivalent.
(i) ¥ € Uy

(ii) There exists (ay,...,ay) € RN such that with some nonempty proper subset S of

{1,...,N}

(a1, an)lly = [[(xs(Dar, ..., xs(N)an) |y + [[(xse(Dar, ..., xse(N)an) |y, (6)

where (xs(1)aq, ..., xs(N)ay) and (xsc(1)ay, ..., xs-(N)ay) are nonzero.
(iii) There exists (ay,...,ay) € RY such that with some nonempty proper subset S of
{1,..., N} such that

(@, s an)lle = [[Ocs(Dar, - xs(N)an) s + 1| Ocse(Daxs - - xse(N)aw)lfw, - (7)

where
[(xs(Dar, ..., xs(N)an)|ly = [[(xse(1)ar, ..., xse(N)an)|ly = 1. (8)

In this talk we shall characterize M ((X; & --- @ Xy)y) > 1 through using \Ifg\lf).
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APPLIED RESULTS OF A FIXED POINT THEOREM IN
PARTIALLY ORDERED SETS TO FRACTIONAL ORDER
BOUNDARY VALUE PROBLEMS

TOSHIKAZU WATANABE* AND MASASHI TOYODA

1. AE e
[4] 1, WOREREBRDP R STV D.

FH 1 (J J. Nieto - R. R. Lépez, 2005). (X, <) ZIEFEALTDH. £7-, BHEE d 2
fAAEL T (X, d) IZ5EMEREZER ThH D &9 5. X OHFIERDH {2, } 2 z TP
FTHRDIEL, EEDO n IZ L Ca, <z BEVIDETH. T % X nH X ~DF
Bel, ROFMERT-T LTS,

() EBED z,ye X IZHLTa<y 2Bl Te <Ty &7,

(2) 25 kel0,1) RFEELT, EED z,y e X (T LT

x <y 25iE d(Tz, Ty) < kd(z,y)
AT T.
(3) &% wp € X BMFIELT o < Twg ZHT-T.

ZOLET OFRBENFET S, SO, HEED x,y € X (2 LTIERF < CTHER
B 2 € X PMHET 251X T ORBARLLEVESTHS.

[4] TiE, EH 1 & 1 By RO EBFOFAEICET L T 5.

i, A, o B TR OO ATE & — RIS TS ([L, 3, 6] %5
SNV, a FEEEFROBRWIEDEHTH Y, DY IFFEE u D o WS Z %
7. (0,00) 205 R ~DORFE% w D o BRI

o B 1 ar [t u(s)
Dut) = I‘(nfa)dti”/o (F = s)o—nr14®
ThbH. ZZTn=[a]+]l THY, [a] 1T a DEEEEH S TH D . ol Riemann-Liouville
WY NS, LI 2] ABBE R0,

AGHE T, BB 1 &2 o B0 T REOSEFERE DYu(t) = f(t,u(t)) (@9
5. 22T3<a<4THY fIE]0,1] xR 25 R ~OulifgkThH 5. BEREMT
w0) =u(l) =4 (0) =4 (1) =0 (BRG]

w(0) =4/ (0) =u"(1) =u"(1) =0 (FHEREMHI)
w(0) =u(l) =" (0) =u"(1) =0 (FEREMEIO)
DIDEEZD. TNHOEREMEDOL LT a BN HBRXOMOFEE L —EEE
EE 1 LViEL.
2010 Mathematics Subject Classification. Primary 46A40, 47B50, 47TH10.
Key words and phrases. Fixed point theorem, fractional boundary value problem, partially

ordered set.
*Presenting author.



2 TOSHIKAZU WATANABE* AND MASASHI TOYODA

2. LR
EH 1LY, kAELND.

FTE2 3<a<dbTs. fi2]0,1]x[0,00) 75 [0, 00) ~DEHEGTTH 2 L
B LTI Th B ET B, £z, BB Ae [0,1) BHELT o <y THHEE
D .y € [0,00) BEOEED t € 0. 1THLTOL (1)~ f(t,2) SAly—2) &

T5. 2 “CA—sup0<t<1fO (t,s)ds THY
ﬁ ((t — ) b1 - 9)*2(2s —as — 1) + (o — 1)t 3(1 — s)""2s)
G(tjs) - 1 ta—l 1 a—2 2 1 1 tcx—2 1 a—2 (0 S i S t S 1)
@( (1—5)*2(2s —as — 1) + (a = )t* (1 — 5)*2s)

(0<t<s<1)
Thd. Z0&x, o My REICET 2R MERE
)

D%u(t) = f(t,u(t)
u(0) = u(1) = u'(0) = w'(1)

| |
o

—EREaRE Lo

BRI BEIOOLICE L CHRBEOREENG SN S, 2721, RS T
DIEREGDTOIE, HERKH T B LI &13E> 7 7 a—F 208 L Lz, 5
S TLIZOWTE, B ] EBEBIITDHIET, OGEE B E R,
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On the Trace Inequalities of
Left-Right Multiplicaion Operators

Kenjiro Yanagi*

M,(C)0n000000 M,,(C)0n00000000000M,,.(C)0n0000
0000,0 M,,.(C)0 0000000000, M,(C) 00 Hilbert-Schmidt 0 O 0

(A, B)ys = Tr(A*B ZZ% s = (a;;), B = (bij))
i=1 j=1
O000000AeM,(C) 0000 Ly, R, 00000000000
Li(X)=AX, Ra(X)=XA, (X e M,(C)).
Proposition 1 L,, R4 O (M,(C),(-,-)00000000000000O000O0O0O0O
(1) A, B€ M,(C) 0000 LiRp = RlLa0
(2) AABeM,(C)DDODOO

Lyyp=La+ L, Rayp=Ra+ Rp, Lap=LsLp, Rap= RpRj4.
(3) AEMH((C), AeCOOOO L)\A:ALA, Rya = AR4.
(4) A€ My(C) 0000 Ly = (La), Ra = (Ra)".
(5) A>00000 Lq>0, Ryq>0.

Proposition 2 A,Be M, . (C) 0000000000000

A Zaz|¢z ¢z B Zﬁj|¢J ¢J

0000000 o, >00 ADDOOOO|¢,) 000000000000 ODOODODOOO
0o00p;,>00 BOODOOOOW;)00000000000000D00O0O0DOOOO
gbobooooobooog.

(1) La= Ly ageniol Z%Lm (@il ZZ%L\@ (@il B (1

=1 j5=1

*E-mail:yanagi@yamaguchi-u.ac.jp, Division of Applied Mathematical Science, Graduate School of
Science and Engineering, Yamaguchi University, 2-16-1, Tokiwadai, Ube City, 755-0811, Japan
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(2) Rp =Ry s wwl = D BiBuyw) = D> Bilisyd R w, -

j=1 i=1 j=1

Theorem 1 A€ M, (C)0000 Tr(La) =nTr(A) 000000000 TrO (M,(C),(+,))
goboobdoboooood.

Theorem 2 A, Be M, (C)D0O00O0OOOOOO

n

(1) |La—Ra| =) i = B[ Liguyo Rivs) -

i=1 j=1

(2) Tr(|La—Rp)) =D > |ai— G-

i=1 j=1
(3) Tr(|La—RplD) = ) las = Bjll{eilu) [
i=1 j=1

Theorem 3 A, B e M, ,(C)0000 D(A, B)=Tr(|Ly—Rp|[)DOODODOOO D(A, B)
0 M, (C)0DOD0OO0OO0OODODOO

(1) D(A,B)>000 D(A,B)=0000000000000000 A=B0O000O
(2) D(A, B) = D(B, A).

(3) D(A,B) < D(A,C)+ D(C, B).

Remark 1 Tr(|[Ly— Rp|) 0 Tr(|A—-B))0000000000000000.0
(1) A, Be M, (C)000 Tx(|[La—Rp|1)0 Tr(|A-B))00000000.0000

(D)

000 Tr(|La — Re|ll) =3, Tr(|JA— B|)=+10. OO

=

000 Tr(|Ls — Re|lI) =8, Tr(|A— B|)=>58.

N0
[S[SU NI

INTENNY e
vo|Zrol~
N——

Sy,

Il
Y
O N
ot O
N——

(2) A,Be€ M, ,1(C) 000 Tr(|La—Rp|l) <Tr(|A—B)) 000000000000
000r>300000000000000000.0

000000 Audenaert 000 000000000000000000000 Tr(|A-B))
0000 Tx(|[Lya—Rp/1)0000000000000000000000000 Tr(|A-B))
0ABOODDODODOOOOOOOOOOOD Tr(Ls—Re/l) 0000000000
000000000000000000000.0



HEHAE BANACH ROBHRYT 2 LAU ROFREAROFEM T & Z DI
EEER (RIBX - H)

Banach Bf A, B LU B LOFERINEIE 6 235-2 6 1z & &, 2007 4, Sangani
Monfared [3] IXIEREZEM A x B _EICHE -

(a,b) xg (¢,d) = (ac+ 0(d)a + 0(b)c,bd) ((a,b), (c,d) € A x B)

ZH A L., Banach Bl (A x B, xp) ZW%E L 7z, T Banach BRIFHLIZ A xy B &
Hhrhz, ZoMOMIE, A Lau [2] 25 1983 4ERiH] 7% Banach Bt 7 7 2% L
THIOTEALLZDDT, Z1UK 0-Lau Banach BR E WXL 5, Z DEM AN DU
ZeFI3. 0 Db D ICHERTES - B — A %\ 721§ 7-Lau Banach Bt % fiff%¢
LTWw3,

1. Lau B 2 L. A, B % 2 D DOEHEFIEL (complex algebra) £ 5, 2L X
ERZEM] A x B 3EEGOMIGHA CRIPZERZES, Fo(A) 2FE2HFICBET A
o ZNHENDERORMGE TS L, TIUIARGHE CHIBZEMZES,

G2ODFH ST B— Fo(A) 25 ABET %5, & (a,b),(c,d) € Ax BIZH
L <.

(a,b) xs1 (¢c,d) = (ac+ Sqa + Tpe, bd)

LEFT D, Mo TUxgr FAx B O 2HHE E 208, TD L ERLAIRDE
MERTHEIBHRKS,

Theorem 1. Let L(A) be the algebra of all linear mappings from A into itself.
Then x g1 is an algebra-operation on A x B if and only if the following conditions
hold :

(i) S (resp.T) is an anti-homomorphism (resp. a homomorphism) from B into
L(A).

(ii) Sp (resp.Ty) is a right (vesp. left) multiplier of A for each b € B.

(iii) SpTyq = TySy holds for all b,d € B.

(iv) (Spa)c = a(Tyc) holds for all a,c € A and b € B.

L xgr D Ax B LOREEHETHIUL, (AXxB,xsr) % S ETICE>TE
FI N7z Lau BREWPOY, BT A xgr B T,
RDOEMZWT2T AD o ZNHE~NOERDNEF (T, S) 13 double multiplier
EMEEN S
2Ty = (Sx)y (Vz,y € A).
ZOkBbDODEMEE M(A) TRTE, M(A) ZAARRHETREEZES, 2oL
EF 41X Theorem 1 2> 5RDFZZH5,

Corollary 1. Assume that A is a semisimple Banach algebra. Then X g is an
algebra-operation on A x B if and only if the mapping b — (T, Sp) is a homomor-
phism from B into M(A).

b L A DRI Banach BRTHIUL, (T,9) € M(A) = T = S 2K 7D
DT, MA) I TEFEDORIMEMFEIRE L2, 2N xgr 23 Ax B LOREFHETH
BEDBEVGEMEZ S =T HOT 5 B 5 M(A) ~OUERBGHRE 2 5F:TH

1



2

Z)o :.O)i%é&/? (=8 XT,T ’5:%6: XT k%(o ifl A XT,TB Ci%ﬂ: A XTB k%
(o A, BHIZTHETHNIE, Axr B bELTTH S,
DI 4 13 A ]2 Banach BRICIEER 24T, A, B2 ZDkAaREE T3,

2. Lau 32D multipliers DFRHEAT. T : B — M(A) % norm-decreasing #&[m]
BRETBEE, LauBi A xp Bl l-norm THHMTER Banach BRE D, ZD
Gelfand 2] ® 4y, ¥ A & B D Gelfand 22l &4 & ®p @ disjoint union & 7% >
T3, ROMERIZ A xr B ® multipliers % 58I FHEAT 5,

Theorem 2. Let S be a bounded linear mapping from A xr B into itself with
natural decomposition S = (S1,52). Then S € M(A xr B) if and only if the
components Sy, Sy satisfy the following conditions:

(i) Sila € M(A).

(ii) SQlB S M(B)

(iii) Sa2]a = 0.

(iv) (S1b)c = Tp(S1c) — Tsyp(c) for allc € A and b € B.

bL{T,:be B} CA%old, hoEHIZP. A Dabhi 12X % [1, Theorem
11 205D TH 2, RIC M(A) % A DRMEIFED Gelfand ZHi% @4 1HIR L 7
Lokl T s, ROV THRAKOLEZM 2, $724& U e M(A) &
VeMB)IZHLT, bLTU Ty € A 251, fll (U, V) 1350 () 2z
TEF). TDEE Theorem 2 DT 21 ) TROEHZ R THNTE 5,
Theorem 3. J/\I\(A X1 B) equals the set of all 0 € C*(®ax,p) such that ole, €
]\/Z(A),a\qm € M\(B) and the pair (ole ,,0|e,) satisfies the condition (b).

LOEBIFERER D 6-Lau BUCBI$ 2 /5K 28 <,
Corollary 2. M\(A xg B) equals the set of all 0 € C®*(®ax,p) such that ols, €
M(A),ole, € M(B) and ole, —o(0)1 € A.

F7 EORFEZRORGRZE L,

Corollary 3. Suppose that A is a non-unital commutative C*-algebra. Then

M(A xo B) = {0 € C"(®ax,0) : olo, € M(B), lim_olo, (o) = o(0)}

holds.

3. Hiffid Corollary 2 DFEH%Z T I B BSE BA5KRILID 2 FE R T,
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Our aim in this talk is to discuss the boundedness of the generalized fractional integral
operator on the weighted space.

We first give the definition of our function spaces.

Definition 1. Let 1 < ¢ < 00, ¢ : (0,00) — (0,00) be a function, and let w be a weight.
The generalized weighted Morrey space M (w) is defined to be the subset of all measurable
functions f satisfying

s = s 6(6(0) (@ /Q If(m)lqw(x)dw> " < oo (0.1)

When we consider the generalized Morrey space, the class G, is fundamental.
Definition 2. One says that a function ¢ : (0,00) — (0,00) is in G5 = G4(R™) for 0 < ¢ < o0
if ¢ is nondecreasing and the map t — t’”/qga(t) is nonincreasing.

Let us recall the weight class A, to discuss on the weighted space.

Definition 3. Let 1 < g < oo. For a weight w, define

s, = g o (i [0 Fer)

We also introduce a new weight class B 4.

Definition 4. Let 1 < ¢ < oo and ¢ € G4. One says that a weight w is in the class B, 4 if
there exists C, 4 > 0 such that, for any Qy € Q,

sup (I)Lp,q,w(Q) < Cap,q(bap,q,w(QO) (02)
QEQ,QCQo

holds, where

w(@)

@)é Q€ Q).

Do) = 0(0(Q)) (

The following condition generalize the integral condition which is proposed by Pr. Nakai.

Definition 5. One says that ¢, w satisfies the weighted integral condition, if there exists a
constant Cy such that

%) 1 @ CO
/1 Dyw,q(sQ) s = Dy 0,q(Q) (@€Q). (0.3)



We next recall the definition of the generalized fractional integral operator I,; See [2].

Definition 6.
ni@ = [ A ),

no |z =yl

for a nonnegative function p.

When we consider I,, we always assume that p satisfies the “Dini condition”

/1 p(s)ds < 00, (0.4)
0

s
so that I,x¢q is well defined for any cube ). In addition, we also assume that p satisfies the
“growth condition”: there exist constants C > 0 and 0 < 2k; < ko < oo such that

kor
sup p(s) <C @ds, r > 0. (0.5)
5<s<r kir s

The following is a main topic in this talk.

Theorem 0.1. Let 1 < g <u<o0, p € Gy andw € By g N Ag. Suppose that ¢ and w satisfy
the weighted integral condition (0.3). Then the following are equivalent:

1. For some C' > 0, p,¢ and w satisfy

PUQ)) < CPyu (@', (QeQ), (0.6)

p(t) ::/0 @ds.

2. The generalized fractional integral operator 1, is bounded from M (w) to M

where

el

(w)-
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Vector-valued inequalities for the Hardy-Littlewood
maximal operator on generalized Orlicz-Morrey spaces

Denny Ivanal Hakim, joint work with Yoshihiro Sawano and Eiichi Nakai

In this talk, we shall discuss the Hardy-Littlewood maximal operator M, defined by

1
Mf(x) :=sup ———
>0 | B(®,7)| /(2

[f ()| dy

where f is a locally integrable function on R™ and B(z,r) is the ball centered at € R™ with
radius r. The Hardy-Littlewood maximal operator M is known to be bounded on the Lebesgue
space LP(R"™) whenever 1 < p < oo and to be bounded from L(R"™) to the weak Lebesgue
space wL!(R™). The boundedness of M can be extended to Morrey spaces and generalized
Morrey spaces (see [1, 3]). For 1 < g < p < oo, the Morrey space M} = ME(R") is defined to
be the set of all g-locally integrable functions f such that

1

1_1 ¢

||fHM§’; = sup [B(a,r)[r " </ | f(z)|? dx) < oo.
B(a,r)CR™ B(a,r)

In [3], Nakai introduced the generalized Morrey space M$ = M#(R") where 1 < g < oo and
¢ is a function from (0,00) to itself. The generalized Morrey norm || - || v4¢ is defined by

r q
Il = sup “””(/ If(x)lqu)-
B(a,r)CR™ |B((I,T)| a B(a,r)

Here, ¢ is in G, that is ¢ is increasing and the function ¢ — f%go(t) is decreasing.

We shall discuss a generalization of Morrey spaces, namely generalized Orlicz-Morrey spaces,
intoduced in [4]. Recall that a function ® : [0,00) — [0,00] is called a Young function if ®
is left continuous, convex, ®(0) = 0, and tlim ®(t) = oo. The definition of the generalized

—00

Orlicz-Morrey space ME(R™) is as follows:

Definition 1. Let ® be a Young function and ¢ € G;. The (®; B(a,r))-average of a measurable
function f is defined by

. | |f(@)]
. :=inf ¢ A TR P ) dwstys
1£ |30, m{ = B Jatn ( )

The generalized Orlicz-Morrey space M§ = M$(R™) is defined to be the set of all measurable
functions f such that the norm

[fllae == sap o) flle:B(ar)
B(a,r)CR™

is finite.



We shall establish the vector-valued inequalities for the Hardy-Littlewood maximal operator
on generalized Orlicz-Morrey spaces, namely

oo T T

> () <ol doInlr
j=1

Jj=1
© @
ME ME

for a constant C' > 0 and for every 1 < r < oco. We also give a necessary condition for these
inequalities.
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The Adams type inequality on weighted Morrey spaces
and weighted inequalities on Morrey spaces for linear
and multilinear fractional integrals

L (S LEESEEMER —RER)

1. Introduction

ARFHHIZ B W T (EAL E)Morrey 22 LD (54T & 2 EAE D) D EBEERB D EFH E 04
BEEM D EH R & BMO B D commutatornZ B9 % Adamsﬁ”o)T#*:kOh\’CO)u%%n
REFLHTRRS, EFEEIL Izumi, Komori-Furuya, Satdfh5# [3] (B# T 5,
Uiz, (fE & L EBE D) M BEMASEFRAZEZ RO LS ITEHRT S -

Definition 1. 0 < @ < NIZX LT

f(y)
I, f(X ::f dy.
(X) Xy Y.
O<a<mniZxf LT

. fl(yl) e fm(Ym)
(0= [y

RIZ ﬁ*ﬁ(%ﬁﬁﬁ?ﬁﬁ%t BMO B @ commtatorz IXD L D IZEET b, 78, m
EHOGEIZHERT 52 Z &1, FREROGEHIZN T 5 KB R R 2 5 270\, TD7-0,
m%commutatokf’ﬁ LTREET 5,

Definition 2. me Z, ¥ 3%, m-fold commutatorp, 1,]™ IZIRD & 5 1IZEDH S, 0 < a < n,
be BMOR" 125 L T,

0117 10 = [ (00 = DO 1y,
Rn

X =y

X SIZEANE Morrey 2D / )V AZBTID & 5 IZEHT S (see [4]):
Definition 3. 0< p<o0,0< A< 1,us vZEARKL T3,

IfllLeaqy = sup( (Q)Af|f(x)|Pu(x)dx)p.

Qicube
Remarkl. u=v=10D& Z LPY1,1) = LPYR") & 72 5,
AdamsiZiX D ALE X% R U 7z (see [1]):
TheoremA. O<a<n,0<A<1-%1<p<l(1-2)&d5, T5IT,
1 a

1
qa p n1-2)

CIRET D, ZDEE,
e fllas < Clifllea -

* T 970-8034f SR Wb E i LI FRE 30 R TS EHIEK
e-mail:tiida@fukushima-nct.ac. jp




DEZ, ApgWeightzZ L FD K S IZED B,

Definition 4. 1 < p<c0,0< < 0. WE Apq &7 2 DIFLA N DR Z 72T H D LE
b5,

[Wla,, = sup(f W(X)qu)q (JC W(x)"o’dx)p < 0.
Qcrn \JQ Q
Muckenhoupt-Wheeden [5k/X D RE X% R LU 7z,
TheoremB.O<a<n,,1<p<?f 1= %—% 95, THITwe AR ZIET B &,

a’q
e FllLaway < ClFllLogur) -
Komori-ShirailZ ik Z 7= U 7z (see [4]):
TheoremC.0<a<n,0<A<1-%,1<p<i(1-2),E5I
1 1 a u
a7p g
35, WeAR") & T 5 &, REX

4
p

e Fll anowey < CIFllLoaqwemay
DK D LD,
2013412, Izumi, Komori-Furuya and SatdiX % 7= L 7= (see [3]):
TheoremD.0<a<n,0<A<1-2,1<p<3(1-2),T5(I
1 1 a 1 1 a

@ p nl-4) g p n
EIRET 5. we Apg(R") &5 5 &, TR

”Iaf”quJ(v\ﬂl,v\ﬂl) <C ”f”LW(WPqul)
N ARVASNR
Remark2. AdamsD A% X2 SpanneD A E XK DIFETH D Z & 2T 2 & EFEFRIZ
L C, Theorem Dix Theorem CEEETH D Z LRI N5,

RBETIZINS DL EMICIRIZIGT 55 D & OEER S /EHZE & O commutator
FRIZX ST 55 DIZDNWTHRAR S,
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1 Complex interpolation of Morrey spaces

Let us recall the definition of Morrey spaces.

Definition 1. Let 1 < ¢ < p < oo. For an L{ (R")-function f its Morrey norm is defined by:

loc

Iflag = sup |Bla,r)|> "3 (/B (_.)f(y)lqdy>~ (L1)

zER™, r>0

The Morrey space ME(R™) is the set of all L(R")-locally integrable functions f for which the
norm || f|[ e is finite.

We aim to consider the complex interpolation of Morrey spaces M (R™) and M2 (R™)

assuming that 1 < ¢y < pg < o0, 1 < g1 <p; < oo and q—ozﬂ.
Po M

We assume that Xy and X; are complex Banach spaces here and below. A topological
vector space is a linear space such that the addition and the scalar multiplication are both
continuous.

Definition 2. Let 2 C C be an open set and A a topological vector space. A continuous
function f : Q — A is said to be holomorphic, if

f(2) — £(z0)

= (12)
exists for all zg € 2. In this case one writes f(z0) = zler;O %ﬁ(}(zo).
Let E be a subset on C and X a Banach space, and define
BC(E, X) = {f :E— X : fis continous and satisfies sgg If(2)llx < oo} . (1.3)

In the theory of complex interpolation, the set S has a special meaning as the following definition
shows:

Definition 3. Set S={2€C : 0<Re(z) <1} and S={z € C : 0 <Re(z) < 1}. Define
F(Xo; X1) = {f € BC(S, Xo + X1) : f satisfies (1.5),(1.6) and (1.7)}. (1.4)
Here, conditions (1.5), (1.6) and (1.7) are given by

fGBC(?,X0+X1)7 (15)



f|{2€S:Re(z):j} € O({Z €5 : Re (Z) = .]} (16)
for 7 =1,2 and
f € O(S,X0+X1) (17)
We recall the definition of the complex interpolation functors as follows:

Definition 4 (Calderén’s first complex interpolation space). Let (X, X1) be a compatible
couple of Banach spaces.

1. The space F(Xg, X1) is defined as the set of all functions F : S — X, + X; such that

(a) F is continuous on S and sup ||[F(2)||x,+x, < o0,
z€8

(b) F is holomorphic on S,
(c) the functions t € R — F(j +it) € X; are bounded and continuous on R for j =0, 1.

The space F(Xg, X1) is equipped with the norm
1Flr o xn) = max{sup IF )]0 sup | F(1 +z’t>|xl}.
teR teR

2. Let 6 € (0,1). Define the complex interpolation space [Xg, X1]p with respect to (X, X1)
to be the set of all functions f € Xy + X such that f = F() for some F € F(Xo, X1).
The norm on [Xg, X1]g is defined by

||f\|[X07X1]9 = inf{||F|| r(x,,x,) : [ = F(0) for some F' € F(Xo, X1)}.

Let X be a Banach space. The space Lip(R, X) is defined to be the set of all functions
F : R — X for which the quantity

F(t)— F(s)|x
HF”Lip(R,X) = sup M < 00
—o0<s<t< 00 [t — s

Definition 5 (Calderén’s second complex interpolation space). Let (Xo, X1) be a compatible
couple of Banach spaces.
1. Define G(Xo, X1) as the set of all functions G : S — X + X; such that

G(z)
14|

(a) G is continuous on S and sup H
2€8 Xo+X1

(b) G is holomorphic on S,

(c) the functions
teR—=>G(j+it) —G(j) € X;

are Lipschitz continuous on R for j =0, 1.
The space G(Xo, X1) is equipped with the norm
1Glg(xo,x:) = max {IG (i) [Lipee,xo)> [1G(1 + i) lLiper,x1) } - (1.8)

2. Let 6 € (0,1). Define the complex interpolation space [Xo, X1]? with respect to (Xg, X1)
to be the set of all functions f € X, + X7 such that f = G'(#) for some G € G(Xo, X1).
The norm on [Xg, X;]? is defined by

1 lx0, 3000 = {1 Gllg(xo,x,) 1 f = G'(6) for some G € G(Xo, X1)}.

We discuss the output when Xo = MP°(R") and X; = ME(R"™).
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Rigidity for matrix-valued Hardy functions

Yukio Kasahara (Hokkaido University)
Akihiko Inoue (Hiroshima University)
Mohsen Pourahmadi (Texas A&M University)

Let 7" be a complex Euclidean space of column vectors with inner product (-,-)y,
and write .# for the space of complex square matrices of corresponding order. The
symbol * stands for the conjugate transpose.

For 1 < p < oo, let H”, be the standard Hardy space of .#-valued functions on the
open unit disc. As usual, a function in H”, will be identified with its boudary function
on the unit circle T. Every function F' in H', admits a factorization

F=ff

with a pair of functions f and f; in H?, satisfying f*f = f¢ /i This will be called an
HL-factorization after Helson-Lowdenslager [2]; their original result was extended by
Sarason [6]. An HL-factorization is closely related with the polar decompositions

F=U(F'F)"V?=(FF)'?U,

where U is a measurable .#-valued function such that U(e%) is a partial isometry with
initial space F'(e?)*¥ and final space F'(¢?)¥ (a.e.); these conditions make U unique.

Given a function, its HL-factorization is useful for characterizing the functions with
the same partially isometric factor as it.

Proposition 1. Let F' be a function in H', with HL-factorization F = ff;. A function
G in HY, has the same partially isometric factor as F if and only if it can be expressed
as G = fK fy for a measurable . -valued function K satisfying

K@) >0,  K(E)Y = fi(e)Y  (ae). (1)

Nakazi [5] pointed out that a nonzero scalar-valued function g in H! is outer if and
only if k is constant whenever kg lies in H' for a nonnegative, bounded measurable
function k. This fact can be generalized as follows.

Proposition 2. Let F be a function in H', with HL-factorization F = ff;. Then f
is left-outer and fy is right-outer if and only if K is constant whenever fK fy lies in
H?, for a bounded measurable A -valued function K satisfying (1).

A scalar-valued function in H* is called rigid if, except for positive constant multiples
of itself, no functions in H! have the same argument as it; the term was introduced
by Sarason [7]. Earlier, Nakazi [4] called it strongly outer. In [5], he also gave an
alternative definition that a nonzero function ¢ in H! is rigid if k is constant whenever
kg lies in H' for a nonnegative measurable function k. We extend this as follows.



Definition 3. Let F be a function in H', with HL-factorization F' = ff;. It is called
rigid if K is constant whenever fK f lies in H', for a measurable .#Z-valued function
K satisfying (1).

By Proposition 1, a function in H', is rigid if and only if, except for ‘balanced’
positive multiples of itself, no functions in H?, have the same partially isometric factor
as it. By Proposition 2, if a function is rigid, its left factor is left-outer and right factor
is right-outer. (So, by uniqueness of outer functions, the above definition does not
depend on the choice of an HL-factorization.)

For a positive .#-valued integrable function W on the unit circle T, let L% (W) be

a Hilbert space of #-valued measurable functions on T with inner product

1 2w

(e tdugan = 57 | (W(e)e(e), () db.

Let Py and Q4 denote the spaces of ¥-valued trigonometric polynomials of the forms
ug + e%uy + -« + ey, and e v, + - - + ey, respcectively. We define

— I2 (W —L2, (W
mw)=5"""""  rgrw) =g,".

These spaces can be treated in terms of the standard Lebesgue space L if there exist
a right-outer function h and a left-outer function hy in H?, such that

W = h*h = hh;,

which we call WM-factorizations after Wiener—Masani [8]. Note that hhy lies in H?,.
The following result is a generalization of a spectral characterization of complete
nondeterminacy for stationary processes, studied by Bloomfield et al. [1], that

H (W) 0 KG(W) = {0} (2)
holds if and only if h? is rigid in the scalar case (hy = h).

Theorem 4. Let W be a positive A -valued integrable function which admits the WM-
factorizations W = h*h = hyh;. Then (2) holds if and only if hhy is rigid.
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